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Study of a shock wave structure in gas mixtures
on the basis of the Boltzmann equation
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Abstract

The structure of a shock wave for a binary gas mixture is studied on the basis of numerical solution of the complete kinetic
Boltzmann equation for the model of hard sphere molecules. For the evaluation of the collision integral we apply a generalization
of the conservative discrete ordinate method (the kernel method for a single gas was developed by Tcheremissine) for binary
gas mixtures and for the case of cylindrical symmetry. The transition from up-stream to downstream uniform state is presented
by macroscopic values and by distribution functions.
 2002 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction

The shock wave structure for a binary gas mixture is an important problem in kinetic theory. It has been investigated
experimentally [1,2] and theoretically with moment methods [3], direct simulation Monte Carlo method (DSMC) [4], fluid-
dynamic models [5], numerical analysis based on the kinetic models [6], a finite-difference analysis of the Boltzmann
equation [7]. The accurate numerical solution of the Boltzmann kinetic equation still presents a difficult task due to the
multidimensional nonlinear collision integral. The important question for solving the Boltzmann equation by finite-difference
methods is whether or not the approximated collision integral converges to the real collision integral when the lattice interval
in the velocity space tends to zero. In practice the main criterium of accuracy for the calculation of the collision integral is
the preservation of conservation laws. In [8] the density is conserved, in direct method [9] no one of conservation laws is
exactly satisfied. To make algorithm of this method conservative, a correction of intermediate solution was developed in [10].
This method [10] was generalized for binary gas mixtures in [11,12]. The defect of this method is that the correction lowers
the preciseness of solution. In the methods [13–17] the velocities lie on a fixed lattice grid inR

3 and the conservation laws
are satisfied exactly in each collision. From numerical and practical point of view the main difficulty with these methods is a
small number of pairs of collision velocities for a given pair of pre-collision velocities [18]. The method introduced in [19]
for a single gas was extended in [7] to the case of a binary gas mixture and the structure of a shock wave for the mixture was
investigated by an accurate finite-difference analysis of the Boltzmann equation. In [7] the collision integral is approximated
by using decomposition of the distribution functions by a piecewise quadratic functions ofξ and a system of Laguerre
polynomials ofρ. In the methods of [7,19] conservation laws are not satisfied artificially but are satisfied approximately within
the error of computations. In [7] the authors made an accurate analysis of accuracy of computations, obtained the criterion
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of convergency and received high precision results with the use of the powerful resources of modern computers. It is well
known that conservation laws present a basis for construction of the so-called “discrete” [20] and “semi-discrete” models
of the Boltzmann equation [21–23]. Another popular approach to solve the Boltzmann equation is Direct Simulation Monte
Carlo method [24–26]. The method solves much more realistic problems with reasonable confidence. However, with the Monte
Carlo treatment of collision integral obtaining of precise results is difficult. In the new Conservative Discrete Ordinate method
of evaluation of the Boltzmann collision integral [27] for a single gas we have the following advantages: all collisions are
conservative, inclusion of the “inverse collisions” for the evaluation of the collision integral [28] provides equality to zero of
the collision integral for the Maxwell distribution function which does not depend on the number of nodes of the velocity grid,
the method works for one- and two-dimensional problems [29,30]. This method solves problems with acceptable preciseness
with the use of small computational resources.

In this paper the latter method [27] is generalized for binary gas mixtures and for the case of cylindrical symmetry in the
momentum space. It was tested on the problem of a shock wave structure in a binary gas mixture. This method for a mixture
solves the problem with acceptable preciseness, small time of calculations and small computer memory.

2. Description of the method

2.1. Basic equations

The system of Boltzmann equations in the momentum space for two gas components consisting of hard sphere molecules
with the massesmi and the diametersdi may be written in the form [27]

∂fi

∂t
+ �p
mi

∂fi

∂ �x = −Li +Gi, i = 1,2, (1)

wherefi is the distribution function which depends on the vector of momentum�p, the vector of configuration space�x and the
time t . Here the “loss” termLi and the “gain” termGi are defined as

Li =
2∑
j=1

+∞∫
−∞

2π∫
0

π∫
0

fifj∗
1

2

(
di + dj

2

)2
qji sinθ dθ dϕ d�p∗, (2)

Gi =
2∑
j=1

+∞∫
−∞

2π∫
0

π∫
0

f ′
i f

′
j∗

1

2

(
di + dj

2

)2
qji sinθ dθ dϕ d�p∗, (3)

qji =
∣∣(�gji · �n)∣∣.

In kinetic momentum space we have the following equalities for the vectors of momentum�p, �p∗ before the collision and
�p ′, �p ′∗ after the collision

�p ′ = �p+ 2mimj
(mi +mj )

(�gji · �n )�n, �p ′∗ = �p∗ − 2mimj
(mi +mj )

(�gji · �n )�n,
�gji = �p∗

mj
− �p
mi
, �n= �n(cosθ,sinθ cosϕ,sinθ sinϕ). (4)

Here�n is a unit vector directed along the interaction line of molecules,�gji is their relative velocity,θ andϕ are collision angles.
We introduce in the limited domain of the physical space a fixed grid�x (in our problemxk grid with the stephx for

x variable). We impose also limits on the momentum variables in (1)–(3) by introducing a domainΩ of the volumeV . InΩ we
construct a discrete grid containingN0 equidistant points�pβ with the step�h. Using theδ-function we introduce the following
approximation for distribution functions and collision integrals

fi( �p ∗)= V

N0

N0∑
β=1

fiβδ( �p ∗ − �pβ), (5)

Li( �p ∗)= V

N0

N0∑
β=1

Liβδ( �p ∗ − �pβ), (6)
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Gi( �p ∗)= V

N0

N0∑
β=1

Giβδ( �p ∗ − �pβ). (7)

The Boltzmann equation in a discrete form becomes

∂fiβ

∂t
+ �pβ
mi

∂fiβ

∂ �x = −Liβ +Giβ . (8)

Equation (8) is solved by the splitting procedure [10]. Some mathematical aspects of the splitting method for kinetic equations
can be found in [31]. On each interval�t we split the process into the two stages: free-molecular flow and collisional relaxation.
For the first stage we have the divergence finite-difference scheme of the 2nd order suggested in [32]. In this scheme the transport
of mass, momentum and energy between the cells of the configuration space is realized in a conservative way. For the second
stage we apply the Euler’s method which provides the satisfaction of conservation laws in eachx node.

2.2. Conservative discrete ordinate method

Let us consider the integral operator

Qi(Φ)=
2∑
j=1

+∞∫
−∞

+∞∫
−∞

2π∫
0

π∫
0

Φfifj∗
1

2

(
di + dj

2

)2
qji sinθ dθ dϕ d �p∗ d�p.

Taking forΦ a three dimensionalδ-function, we reduce the integrals to the following form

Li( �p ∗)= 1

2
Qi

(
δ( �p ∗ − �p )+ δ( �p ∗ − �p∗ )

)
, (9)

Gi( �p ∗)= 1

2
Qi

(
δ( �p ∗ − �p ′)+ δ( �p ∗ − �p ′∗

))
. (10)

Then we take limited domains for momentum variables as in Section 2.1. Evaluating the integrals (9), (10), we exclude those
values of variablesθ , ϕ which remove the vectors�p ′, �p ′∗ out of the domainΩ ×Ω . For this purpose we multiply the integrand
by the characteristic functionχ( �p ′, �p ′∗) whereχ = 1 if ( �p ′, �p ′∗) ∈Ω ×Ω andχ = 0 if ( �p ′, �p ′∗) /∈Ω ×Ω .

While transforming the integral operator to cylindrical coordinates one should take into account the relations�p = �p(p,ρ, γ ),
d �p = ρ dp dρ dγ . The integral operator becomes

Qi(Φ)=
2∑
j=1

∫
Ω×Ω

2π∫
0

π∫
0

Φfifj∗
1

2

(
di + dj

2

)2
qjiχ sinθ dθ dϕ d �p∗ d �p.

In cylindrical coordinates each node of the momentum grid will have two coordinates�pβ(pβ ,ρβ) with the step(h,h),
−pmin < pβ < pmax, 0< ρβ < ρmax. It is important to note that the method needs the same grid with a constant mesh
in momentum space for all components of the mixture. At the same time the steps in each momentum coordinate could be
different. Introduce the uniform integration gridpαν , ραν , pβν , ρβν , γν , γ∗ν , θν , ϕν with Nν nodes in such a way thatpαν ,ραν
andpβν ,ρβν belong to the momentum grid while the angles are distributed uniformly in the corresponding intervals. The
multiple integral is calculated as the 8-fold sum over all the nodes while the distribution functions do not depend onγν , γ∗ν .
One obtains the following result

L̃i( �p ∗)=A
Nν∑
ν=1

2∑
j=1

J
ij
ν

(
δ( �p ∗ − �pαν )+ δ( �p ∗ − �pβν )

)
, (11)

G̃i( �p ∗)=A
Nν∑
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2∑
j=1

J
ij
ν

(
δ
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))
, (12)

where

J
ij
ν = fiαν fjβν

1

2

(
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2

)2
qjβνiαν sinθνρανρβν

andA= V 2π2/Nν . Combining (6) and (11) we obtain

L̃iβ = B
Nν∑
ν=1

2∑
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(
J
ij ′
ν + J ij ′′

ν

)
. (13)
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HereB = Vπ2/(Nν/N0), the primes and double primes mark the valuesJ ijν with αν = β andβν = β, respectively. It is not
possible to use in a similar way the combination of (7) and (12) for obtaining the values ofGiβ because the singularities in
these formulae do not coincide. The correct way of evaluating the values ofGiβ is to decompose each term in the parentheses
in (12) intoδ-functions which have singularities at discrete ordinate nodes. Here�pλν and �pµν are the nodes nearest to�p ′

αν
and

�p ′
βν

, respectively. We introduce the notation�∆λν = �p ′
αν

− �pλν , �∆µν = �p ′
βν

− �pµν . From (4) we have

�∆λν = − �∆µν . (14)

We denote�∆= �∆λν/h= (∆1,∆2), �̃∆= �∆µν /h= (∆̃1, ∆̃2) where|∆k | � 1/2 and|∆̃k | � 1/2 for k = 1,2. Let us introduce
the vectors of displacements along the grid�s(δ1, δ2) and �̃s(̃δ1, δ̃2) whereδk = 0 or δk = sign(∆k), δ̃k = 0 or δ̃k = sign(∆̃k)
for k = 1,2. Then the 2 sets of the 4 nodes surrounding the points�p ′

αν
and �p ′

βν
can be presented as�pλν+�s and �p

µν +̃�s ,
respectively. These nodes form two cells being their vertices. From (14) we have�̃s = −�s. However, in cylindrical coordinates
on the momentum grid we have only one equality for the first coordinates∆̃1 = −∆1 �⇒ δ̃1 = −δ1. We replace the expressions
in parentheses in (12) by

δ
( �p ∗ − �p ′

αν

) + δ( �p ∗ − �p ′
βν

) =
∑
�s
r�s

(
δ( �p ∗ − �pλν+�s)+ δ( �p ∗ − �p

µν +̃�s )
)
. (15)

The coefficientsr�s can be found from the conditions of conservation of density, kinetic momentum and energy in the
decomposition (15) for a pair of above mentioned cells including their vertices. For economy of computations it would be
preferable to have a decomposition with a minimum of terms. Such a solution exists and contains due to (14) only two non-
zero coefficients: the first one(1 − r�s ∗) corresponds to�s = 0, �̃s = 0 and the second oner�s ∗ corresponds to some�s = �s ∗ �= 0,
�̃s = �̃s ∗ �= 0 and depends on a combination of parameters in the energy equation. Thus, the expansion (15) becomes

δ
( �p ∗ − �p ′

αν

) + δ( �p ∗ − �p ′
βν

)
= (1− r�s ∗)

(
δ( �p ∗ − �pλν )+ δ( �p ∗ − �pµν )

) + r�s ∗
(
δ( �p ∗ − �pλν+�s ∗ )+ δ( �p ∗ − �p

µν+�̃s ∗ )
)
. (16)

If we use (16) in the formula (12) and combine with (7), then we obtain

G̃iβ = B
Nν∑
ν=1

2∑
j=1

[(
J
ij ′
ν + J ij ′′

ν

)
(1− rν)+

(
J
ij∗
ν + J ij∗∗

ν

)
rν

]
. (17)

The primes and double primes, asterisk and double asterisk mark the values ofJ
ij
ν with the subscriptsλν = β, µν = β,

λν + �s ∗ = β, µν + �̃s ∗ = β, respectively, andrν = r�s ∗ . The expressions (13) and (17) define the conservative discrete ordinate
method if the coefficients have been already found. The points of a cubature formula are determined with the use of the eight-
dimensional grid distributed uniformly over the unit hyper-cube as proposed by Korobov [33].

2.3. Algorithms for the evaluation of collision integrals

Let us call a “collision” a node of the integration formula. Such a node is represented in the momentum space by two
points which coincide for example with the nodes�p1 and �p2 of the momentum grid. The momenta after the collision�p ′

1

and �p ′
2 do not belong to the grid. According to the formula (13) this collision gives the contributionsBJ

ij
ν to the integral

Liβ at the nodes�p1 and �p2. It would give the same contributions to the integralGiβ at the points�p ′
1 and �p ′

2 only if they
coincide with the nodes of the momentum grid. Since this condition is not satisfied, these contributions are distributed in the
ratio 0� (1 − rν)/rν � 1 between the nodes�p3, �p4 nearest to�p ′

1 and �p ′
2 and another pair of nodes�p5, �p6 chosen from the

vertices of the cells containing the points�p ′
1, �p ′

2. The nodes�p5, �p6 and the coefficients of the formula (17) are determined
by algebraic equations and are defined by the parameters of collision. They do not depend on the distribution function. This
algorithm uses only “direct collisions.”

This main algorithm was optimized by introducing the “inverse collisions” for the evaluation of the collision integrals as it
was made and proved in [28] for a single gas. In this case to each collision from the nodes( �p1, �p2) to the nodes( �p3, �p4, �p5, �p6)

we added the collision from the points( �p ′
1, �p ′

2) not belonging to the grid to the nodes( �p1, �p2). In short, in the main algorithm

the contributionsBJ ijν are modified asB(J ijν − J ij (inv)
ν ) and we choose the method of interpolation for determiningJ

ij (inv)
ν .

In this work we use the linear interpolation which is more fast for calculations than the logarithmical one

J
ij (inv)
ν = (

(1− rν)fi3fj4 + rνfi5fj6
)1

2

(
di1 + dj2

2

)2
qj2i1 sinθνρ1ρ2,
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where fi3, fj4, fi5 and fj6 are distribution functions calculated at the nodes�p3, �p4, �p5 and �p6. However, the linear
interpolation does not give the equality to zero of the collision integral of the Maxwell function but it provides its equality
to zero only up toO(h2).

The numerical results presented at this paper were obtained by this modified algorithm.

3. The problem of the shock wave structure

3.1. Formulation of the problem

The structure of the plain steady shock wave in a binary gas mixture is obtained by the stabilization method based on the
splitting procedure. It is a solution of the non-homogeneous Cauchy problem for the Boltzmann equation

∂fi

∂t
+ p

mi

∂fi

∂x
= −Li +Gi, i = 1,2, (18)

fi(p,ρ, x,0)=
{
fi−(p,ρ), −∞< x � x0,
fi+(p,ρ), x0< x <∞,

(19)

wherefi−(p,ρ) and fi+(p,ρ) are the equilibrium Maxwell distribution functions with the parametersni−, P−, T− and
ni+, P+, T+, respectively. The physical meaning of these parameters is the molecular numerical densities of each component,
momentum and temperature for the mixture taken at the up-stream infinity and the downstream infinity, respectively. These
parameters are connected by the Rankine–Hugoniot relations

ni+
ni−

= 4M2−
M2− + 3

, i = 1,2,
P+
P−

= M
2− + 3

4M2−
,

T+
T−

= (5M
2− − 1)(M2− + 3)

16M2−
.

HereM− is the Mach number at the up-stream infinity

M− = P−
(5kT−m−/3)1/2

, m− =m1χ1− +m2χ2−,

wherem−, χ1− andχ2− are the mass of the mixture and the concentrations of the components at the up-stream infinity,
respectively, i.e.χi− = ni−/n−, i = 1,2, n− = n1− + n2−. Heren− is the molecular number density for the mixture at the
up-stream infinity. For the downstream values of concentrations we have similar expressions. Mach number at the downstream
infinity M+ and its relation toM− are given by

M+ = P+
(5kT+m−/3)1/2

, M+ =
(
M2− + 3

5M2− − 1

)1/2
.

Thus, the structure of the steady shock wave is formed as a result of the development of the gap in initial conditions. The
macroscopic variables are defined as moments of the distribution functions.

3.2. Dimensionless form

We introduce the following dimensionless variables

c0 = (2kT−/m1)
1/2, p0 = (2kT−m1)

1/2, l− = 1√
2πd2

1n−
, τ = l−

c0
,

x̂ = x/l−, t̂ = t/τ, p̂i = pi/p0, f̂i = fi · p3
0/n−,

Mi =mi/m1, Mx =m−/m1, Di = di/d1.
Herel− is the mean free path of molecules of the 1st component in the equilibrium state at rest with the numerical densityn−.

4. Numerical results

4.1. Macroscopic values and distribution functions

To show the profiles of the molecular numerical densitiesni andn, the flow momentaPi andP (or velocitiesUi andU )
and the temperaturesTi andT , we introduce the following quantities
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ñi (x)= ni − ni−
ni+ − ni− , ñ(x)= n− n−

n+ − n− , P̃i (x)= Pi − Pi+
Pi− −Pi+ , P̃ (x)= P − P+

P− − P+
, (20)

wherePi− = P− ·mi/m−, Pi+ = P+ ·mi/m− and similar quantities for velocities

Ũi(x)= Ui −Ui+
Ui− −Ui+ , Ũ(x)= U −U+

U− −U+
(21)

and temperatures

T̃i (x)= Ti − Ti−
Ti+ − Ti− , T̃ (x)= T − T−

T+ − T− . (22)

Distributions of these variables are shown in Figs. 1–4. Figure 1 corresponds toM− = 3, m2/m1 = 0.5, d2/d1 = 1 and
χ2− = 0.1,0.5,0.9; Fig. 2 corresponds toM− = 2,m2/m1 = 0.25, d2/d1 = 1 andχ2− = 0.1,0.5,0.9; Fig. 3 corresponds to
the valuesM− = 1.5, m2/m1 = 0.5 andm2/m1 = 0.25, d2/d1 = 1, χ2− = 0.9; Fig. 4 corresponds to the valuesM− = 2,
m2/m1 = 0.1, d2/d1 = 1, χ2− = 0.5 andM− = 3, m2/m1 = 0.5, d2/d1 = 1, χ2− = 0.999. The macroscopic variables of
the light component start to deviate from their up-stream uniform values earlier than the corresponding variables of the heavy
component. The numerical density and flow velocity (momentum) for the light component reach their downstream uniform
values earlier than for the heavy component. The values of density, velocity (momentum) and temperature of the mixture are
close to their values for the heavy component when the concentration of the heavy component is large. These values for the
mixture lie between the corresponding values for the components when the concentrations are equal and they are close to the
corresponding values for the light component when the concentration of the heavy component is small. The temperature of the
heavy component displays the well-known phenomenon as the “overshoot of the temperature.” This phenomenon has already
been shown by the computations [4,7,24]. One can see it more clearly when the shock wave is not weak and the concentration of
the light component is large. The temperature of the components can be calculated by using 2 different formulae. The first one

Fig. 1. Profiles of molecular number densities, flow velocities, and temperatures forM− = 3, m2/m1 = 0.5, d2/d1 = 1 and (a)χ2− = 0.1,
(b) χ2− = 0.5, and (c)χ2− = 0.9. For thisM− downstream values areni+ = 3ni− , U+ =U−/3, T+ = 3.667T− , andM+ = 0.5222. Here the
solid lines indicatẽn, Ũ , T̃ for the total mixture, the small dashed linesñ1, Ũ1, T̃1 for the first component, and the big dashed linesñ2, Ũ2, T̃2
for the second component (see Eqs. (20)–(22)).
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Fig. 2. Profiles of molecular number densities, flow velocities, and temperatures forM− = 2,m2/m1 = 0.25, d2/d1 = 1 and (a)χ2− = 0.1,
(b) χ2− = 0.5, and (c)χ2− = 0.9. For thisM− downstream values areni+ = 2.286ni− , U+ = 0.4375U− , T+ = 2.078T− , andM+ = 0.6070.
See the caption of Fig. 1.

Fig. 3. Profiles of molecular number densities, flow velocities, and temperatures forM− = 1.5, d2/d1 = 1 and (a)m2/m1 = 0.5, χ2− = 0.9,
(b) m2/m1 = 0.25, χ2− = 0.9. For thisM− downstream values areni+ = 1.714ni− , U+ = 0.5833U− , T+ = 1.495T− , andM+ = 0.7157.
See the caption of Fig. 1.

for the temperaturesTi uses the momentum of each component. The second one for the temperaturesT ∗
i

uses the momentum
of the mixture. On Fig. 5 we can see that the “overshoot” is observed more clearly forT ∗

i
. On Fig. 6 one can see the values of

parallel, radial and total temperature for the components. Here we also see the “overshoot” of parallel temperatures and of the
total temperature of the heavy component as in [11,12]. On Fig. 7 we showf̂1 andf̂2 atρ = 0.39 as functions ofp for several
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Fig. 4. Profiles of molecular number densities, flow velocities, and temperatures (a) forM− = 2,m2/m1 = 0.1, d2/d1 = 1, andχ2− = 0.5. For
thisM− downstream values areni+ = 2.286ni− ,U+ = 0.4375U− , T+ = 2.078T− , andM+ = 0.6070, (b)M− = 3,m2/m1 = 0.5,d2/d1 = 1,
andχ2 = 0.999. For thisM− the downstream values areni+ = 3ni− , U+ = U−/3, T+ = 3.667T− , andM+ = 0.5222. See the caption of
Fig. 1.

Fig. 5. Profiles ofTi and T ∗
i

(i = 1,2) for d2/d1 = 1: (a)M− = 3, m2/m1 = 0.5, χ2− = 0.9, (b)M− = 3, m2/m1 = 0.5, χ2− = 0.95,
(c)M− = 2,m2/m1 = 0.25,χ2− = 0.9, and (d)M− = 2,m2/m1 = 0.25,χ2− = 0.95. Here the solid lines indicatẽT1 andT̃2 (see Eq. (22))
and the small dashed lines̃T ∗

1 andT̃ ∗
2 . For T̃ ∗

i
the definitions are similar to those of̃Ti .

points in gas for the caseM− = 3, m2/m1 = 0.5, d2/d1 = 1 andχ2− = 0.9. The detailed discussion of similar results can be
found in [7]. The distribution functions in momentum space and in velocity space are related by

F̂i (û)= f̂i (p̂) ·M3
i , û= p̂

Mi
, Mi = mi

m1
, i = 1,2.
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Fig. 6. Profiles of parallel, radial and total temperature for the componentsT̃i‖ , T̃i⊥ andT̃i (i = 1,2) for d2/d1 = 1: (a)M− = 2,m2/m1 = 0.25,
χ2− = 0.9, (b)M− = 3,m2/m1 = 0.5, χ2− = 0.9. Here the solid lines indicatẽT1 andT̃2 (see Eq. (22)), the small dashed linesT̃1‖, T̃1⊥ and
the big dashed lines̃T2‖, T̃2⊥. For T̃i‖ andT̃i⊥ the definitions are similar to those of̃Ti .

Fig. 7. Dimensionless velocity distribution functionŝf1 andf̂2 at ρ = 0.39 forM− = 3,m2/m1 = 0.5, d2/d1 = 1: (a) f̂1, (b) f̂2. Thef̂1 and
f̂2 at several points in the gas are shown forχ2− = 0.9.

Thus, for the 1st component the profiles are just the same and for the 2nd component the distribution function in the
momentum space is more tall and narrow than the one in the velocity space.

5. Comparison

Our results were compared with the results obtained by another discrete ordinate method developed in [7]. The
numerical results in [7] are given for Mach number 1.5,2,3; for the ratio of masses 0.25,0.5 and the concentrations
χ2 = 0.1,0.5,0.9,0.95. Figure 8 shows the profiles of macroscopic variables for the mixture corresponding to Fig. 1, (a)
and (b), and Fig. 2(c). On Fig. 8 the results of [7] are shown by rhombuses, triangles and squares whereas the results of the
present computations are shown by+,×,∗. Here we observe a good agreement. In the paper [7] the computations of the
problem were carried out by the standard DSMC method [24] for the casesM− = 3, m2/m1 = 0.5, d2/d1 = 1, χ2− = 0.5
andM− = 2, m2/m1 = 0.25, d2/d1, χ2− = 0.5. They compared these results with those obtained by their discrete ordinate
method and observed a good agreement. This also implies a good agreement between our results and the results obtained by
DSMC method in these cases. In [7] the computing time for one iteration step in a parallel computation using ten CPUs on
Fujitsu VPP800 computer is 142 s forM− = 2 and 99 s forM− = 3. The computer memory forM− = 2 is 1.7 GB, forM− = 3
is 1.4 GB. In this work the computations were made on a personal computer with the processor Pentium 3 with the frequency
550 MHz and the memory 128 Mb. The computing time for one iteration step forM− = 2 is 36 s, for the whole problem is
23 hours, computer memory is 8.5 Mb. The same data forM− = 3 are 19.3 s, 13 hours and 8.5 Mb, respectively.

Thus, our method is more fast and requires small computer memory.
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Fig. 8. Comparison with the results of Kosuge et al.; profiles of molecular number density, flow velocity and temperature for the mixture:
(a)M− = 3,m2/m1 = 0.5, d2/d1 = 1, andχ2− = 0.1 (see Fig. 1(a)), (b)M− = 3,m2/m1 = 0.5, d2/d1 = 1 andχ2− = 0.5 (see Fig. 1(b)),
(c)M− = 2,m2/m1 = 0.25, d2/d1 = 1 andχ2− = 0.9 (see Fig. 2(c)). The results obtained by the method of Kosuge et al. are shown by the
rhombuses (̃n), triangles (̃U ), and squares (̃T ). The results by the present discrete ordinate method are shown by+ (ñ), × (Ũ ), and∗ (T̃ ).

6. Data for computation and its accuracy

The accuracy of computations estimated by comparing macroscopic quantities for different lattice systems and different
number of integration nodes is 10−2–10−3 (percentage error). For Mach= 2, m2/m1 = 0.25, d2/d1 = 1 and various
concentrations we take the following values of the parameters: 10658 nodes of the momentum grid (146 points forp and
73 points forρ) with the steph= 0.08, 100 nodes of thex-grid with the stephx = 0.2, 198000 integration nodes and�t = 0.01
(on the figures). ForMach = 3, m2/m1 = 0.5, d2/d1 = 1 and various concentrations we take the following values of the
parameters: 11858 nodes of the momentum grid (154 points forp and 77 points forρ) with the steph= 0.1, 90 nodes of the
x-grid with the stephx = 0.2, 198000 integration nodes and�t = 0.01 (on the figures). The computing time for one iteration
step and for the whole problem for these cases are given in the section “Comparison”. The period of stabilization of the solution
is equal to 20τ–27τ . With this method we can obtain the results on rough grids (1800= 60× 30 nodes of the momentum grid
with the steph= 0.26, 90 nodes of thex-grid with the stephx = 0.2, 66000 integration nodes,�t = 0.01) which coincide well
with more detailed results. The computing time for one iteration step is 4.2 s, for the whole problem – 2.7 hours.

7. Conclusion

In this paper we have studied the structure of the normal shock wave for a binary gas mixture on the basis of the complete
kinetic Boltzmann equation for the model of hard-sphere molecules. The Boltzmann equation was solved by the stabilization
method based on the splitting procedure. For the first stage we use the divergence finite-difference scheme of the 2nd order
from [32]. For the second stage we use the extension to a binary gas mixture and to the case of cylindrical symmetry of the
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numerical kernel method of Tcheremissine [27] originally developed for a single gas. For the evaluation of collision integrals we
use the algorithm which includes the “inverse collisions” [28]. This discrete ordinate method ensures strict conservation of mass,
momentum and energy. The conservativeness of the method is achieved by special projecting of integrand values calculated
at non-node points to the nodes of the momentum grid closest to them. Transition from the up-stream to the downstream
state was presented by distribution functions and their moments (macroscopic variables). The accuracy of computations and
convergence in the inner parameters of the problem (h,hx,Nν ) in the calculation of the collision integral was studied for
the Mach numbers 1.5,2,3, for the ratio of masses 0.1,0.25,0.5 and the concentrationsχ2 = 0.1,0.5,0.9,0.95,0.999. The
accuracy of the computations is 10−2–10−3. The advantages of the method are the following: the smoothing of the distribution
functions in momentum space is not required, the method is faster and needs much less computer memory than in [7].
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